Abstract-Frequency weighted model reduction scheme for 2-D separable denominator discrete time systems is presented. The method yields the stable reduced order models for stable separable denominator original systems. The method is based on 1-D balanced truncation. It is easily extendable to singular perturbation and optimal Hankel norm based approximations. The bound on the approximation error is also derived.
I. INTRODUCTION
The balanced realization [11] has been a significant contribution to 1-D system theory. Especially, its application to model order reduction, since it can preserve stability and give an explicit bound on frequency response error [3] , [1] .
The state space modeling of 2-D filters have been studied by many researchers, and different models have been proposed [2] , [4] , [14] . It was shown in [5] that the Roesser model is the most general 2-D model, and that other models can be embedded in this model. Given a 2-D separable denominator system, it is always possible to find a minimal separable realization [5] . The separable denominator systems cover a broad range of 2-D systems [17] .
One of the problems in the study of 2-D model reduction is the extension of 1-D balanced realization concept to 2-D. Since balanced realization is determined by the controllability and observability Gramians of the system, and since there are several types of Gramians that can be defined for a given 2-D system, there are different types of balanced realizations for a given 2-D discrete system, leading to different balanced approximations. For example, in [13] pseudo balanced approximation is used, in [18] quasi balancing is proposed, and in [10] weighted structurally balanced approach is developed. In [19] , 2-D approximation was considered based on 1-D approximation. This method is very useful, because it extends the important properties and approximation methods of 1-D systems to the 2-D case. Other related interesting results can be found in [7] , [6] .
In [10] , a frequency weighted structurally balanced approximation of 2-D discrete systems is considered which is extended to quasi balancing in [9] . Although, the methods in [10] , [9] are good starting points and motivate further research on this issue, but have many shortcomings. (i) The method in [10] it is numerically exhaustive and computationally inefficient. However, [9] does not have this problem. (ii) Stability of the reduced order models in the case of two sided weightings is not guaranteed except for the single input single output case [8] . (iii) There is no bound on approximation error available. Another scheme based on pseudo balancing is presented in [15] . An obvious drawback of this scheme is that the weighting functions for this scheme need to be separable, and furthermore, there are no bounds on approximation error.
The main contribution of this paper is the extension of the frequency weighted model reduction technique of [16] to the 2-D case. The advantages of the proposed technique include: (i) guaranteed stability in case of double-sided weighting and (ii) easily computable frequency response error bounds.
II. PRELIMINARIES
The system configuration to be considered in this paper is shown in Fig.1 
T the symbol ⊕ denotes the direct sum, I is the identity An alternate form of Roesser state-space realization of equation (1) can also be given as follows:
Let the minimal rank decomposition (see [19] for more details) for the Roesser state-space realization in equation (1) be as follows:
. Similarly, the minimal rank decomposition for equation (2) A
where
the frequency response error is bounded by
where σ i and µ i are the Hankel Singular values of the system H 1 (z 1 ) and H 2 (z 2 ), respectively. Figure 2 , the weighted-input-to-state and the state-to-weighted-output auxiliary transfer function matrices H i (z 1 , z 2 ) and H o (z 1 , z 2 ) are defined as 
III. MAIN RESULTS

As illustrated in
It is obvious that auxiliary systems
and W o (z 1 , z 2 ) are stable. The 2-D frequency weighted Gramianŝ
satisfy following Lyapunov equationŝ
The (1,1) block of equation (8) and (3,3) block of equation (7), respectively yield
Since X 4 and Y 1 are symmetric, there are orthogonal matrices U 4 , V 1 , and diagonal matrices S 4 , H 1 , such that
where 
rank
then following relationships hold
Proof: Similar to that in [16] . Remark 1: It is shown in [16] that the assumption (13) and (14) (15), (16), (19) and (20), we can define new matricesB 1new andC 4new as follows
then we have
The following theorem is immediate consequence of Lemma 2 and the above two equations.
Theorem 1:
The following conditions almost always hold: Proof: The proof follows from the stability, minimality and separability of the realization {A, B, C, D * }.
Let us now consider the following minimal rank decomposition [19] A * B1new
where [12] 1) rank [ 
Remark 3: Equation (25) is solvable forD new if and only if one of the following equivalent conditions holds
L 1 ] = rank[L 1 D * ] and rank [K 4 ] = rank K 4 D * .
2) There exist matrices Y and Z such that
whereP 1 ,P 4 ,Q 1 , andQ 4 are positive definite. There exist two transformation matrices T 1 and T 4 , such that
where Then we can take the truncated system H r (z 1 , z 2 ) = (A r , B r , C r , D r ) as the weighted reduced approximation of the original system H(z 1 , z 2 ), where The proof follows immediately from the proof of stability of unweighted approximation and is therefore omitted. 
Theorem 6: Let the reduced order models be obtained by balanced truncation, then frequency response error is bounded by
W o (z 1 , z 2 )(H(z 1 , z 2 ) − H r (z 1 , z 2 ))W i (z 1 , z 2 ) ∞ ≤ 2k D 4n + 2 n i=1 λ i m i=mr+1 σ i +2k D 1n + 2 mr i=1 σ i n i=nr+1 λ i where k = W o (z 1 , z 2 )L 1 ∞ K 4 W i (z 1 , z 2 ) ∞ , σ i
Proof:
C newDnew is a balanced realization and
C rDnew is its reduced order model, we have the following from Lemma 1
The result follows. 
Moreover, when no weighting present, k = 1.
IV. NUMERICAL RESULTS
Consider the following system matrices corresponding to Roesser model Let the weighting system matrices be as following 
The The Fig. 3 , Fig. 4 and Fig. 5 show the frequency response of the original system, the input/output weighting system, and the reduced order system of order (3, 3), respectively. The weighting system resembles the low pass filter. Comparing the original system and the reduced order model frequency responses, it is clear that the approximation is better at low frequencies than at high frequencies.
V. CONCLUSIONS
A new frequency weighted model reduction scheme for 2-D separable denominator discrete time systems based on frequency weighted balanced truncation method of [16] is presented. The weighting function may be even nonseparable denominator also. The reduced order models are guaranteed to be stable. The method can be easily extendable to frequency weighted optimal Hankel norm and 
